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Abstract
Given a number field L, we define the degree of an algebraic number v ∈ L with respect to a choice of
a primitive element of L. We propose the question of computing the minimum degrees of algebraic
numbers in L, and examine these values in degree 4 Galois extensions over Q and triquadratic
number fields. We show that computing minimum degrees of non-rational elements in triquadratic
number fields is closely related to solving classical Diophantine problems such as congruent number
problem as well as understanding various arithmetic properties of elliptic curves.
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1. Introduction
Let L be an algebraic number field of degree n. Then there exists a primitive element α ∈ L such
that Q(α) = L and the elements {1, α, · · · , αn−1} generate L as a Q-vector space. Every element
v ∈ L can be uniquely written in the form
v = cm−1αm−1 + cm−2αm−2 + · · ·+ c1α+ c0
with c0, c1, ..., cm−1 ∈ Q, cm−1 > 0 and gcd(c0, c1, ..., cm−1) = 1 for some m ≤ n. We encode v by
the polynomial f(x) of degree n − 1 with coefficients (c0, c1, ..., cn−1) which is called the standard
representation of v with respect to the primitive element α. There will be several primitive elements
in L. Therefore, the encoding of v depends on the choice of a primitive element in L. It is a natural
question what the minimum degree of encoding polynomials of v ∈ L is. More precisely, the
minimum degree is defined as follows:
Definition 1 (Degree of Algebraic Number). Let L be an algebraic number field of degree n, and
let {1, α, · · · , αn−1} be a Q-basis of L for some primitive element α ∈ L. Given any element v ∈ L,
we can write v uniquely as
v = f(α)
for some f ∈ Q[x] with deg f ≤ n − 1. Then the degree of v with respect to α, written as degα(v),
is the degree of f(x).
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Definition 2 (Minimum Degree of Algebraic Number). Given any element v in a number field L,
the minimum degree of v is the minimum of the degrees of v with respect to all primitive elements
α of L and written as
min degL(v) := min{α: primitive element of L}
degα(v)
Our initial motivation for computing the minimum degrees of algebraic numbers came from
constructing a family of pairing-friendly curves with small ρ values [2, 3, 4]. On the other hand, the
computation also raises other interesting problems such as finding short representations of algebraic
numbers over Q.
In this paper, we compute the minimum degrees of algebraic numbers in degree 4 Galois exten-
sions over Q and triquadratic number fields. As far as we are aware, there are no published results
on this problem. In order to compute the minimum degree, we first show that a lower bound of
the minimum degree of v is given by the degree of the field extension of L over Q(v). In degree
4 Galois extension fields and index-4 subfields of triquadratic number fields, we can compute the
minimum degrees of algebraic numbers by finding primitive elements which provide lower bounds
of minimum degrees. In index-2 subfields of triquadratic number fields, we prove that computing
the minimum degrees of some elements in subfields of index 2 is equivalent to showing the existence
of non 2-torsion rational points of an associated families of elliptic curves. Afterwards, we discuss
how classical arithmetic problems such as congruent number problems are related to computations
of minimum degrees. We also make asymptotic statements on the probabilistic distribution of
minimum degrees over certain families of triquadratic number fields.
This paper is structured as follows. We compute the lower bounds of minimum degrees in Section
2. We compute the minimum degrees of algebraic numbers in L orM where L are Galois extensions
of degree 4 over Q in Section 3 and M are index-4 subfields of triquadratic number fields in Section
4. In the final section, we compute the minimum degrees of algebraic numbers in index-2 subfields
of triquadratic number fields.
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2. Lower Bounds of Minimum Degrees of Algebraic Numbers
We start with the following proposition, which shows that a lower bound of the minimum degree
of v is given by the degree of the field extension of L over Q(v).
Proposition 1. Let L be a number field. Given any irrational number v ∈ L,
min degL v ≥ [L : Q(v)] (1)
Proof. Let min degL v = m and α be a primitive element of L such that degα(v) = m. Then v can
be written as
v = f(α)
2
for some f ∈ Q[x] with deg f = m. Let g and h be the minimal polynomial of v and α, respectively.
Then we have
g(v) = g(f(α)) = 0
Therefore,
h(x) | g(f(x)) and deg h ≤ deg(g ◦ f) = deg g × deg f.
Since deg h = [Q(α) : Q] and deg g = [Q(v) : Q], we have
[Q(α) : Q(v)] ≤ deg f = m.
Remark 1. The lower bound is trivially equal to the minimum degree in some cases.
• Consider the case when v is a primitive element of L. Then we have degv(v) = 1. By
Proposition 1, it follows that
min degL(v) = [L : Q(v)] = 1.
• When v is a rational number in L, then degα(v) = 0 for any primitive elements of L. There-
fore, Proposition 1 does not hold in this case. However, if we consider the indices of subfields
up to modulo extension degree of L over Q, the equality in Proposition 1 also holds for rational
numbers because
[L : Q(v)] = [L : Q] ≡ 0 (mod [L : Q]).
• Let L be a number field such that [L : Q] = p for some prime p. If we consider the indices of
subfields up to modulo extension degree of Lover Q, then
min degL(v) = [L : Q(v)]
for any v ∈ L by the above two observations.
3. Minimum Degrees in Galois Extensions of Degree 4 over Q.
In this section, we show that the equality in Proposition 1 also holds for any degree 4 Galois
extensions over Q.
Theorem 1. Let L/Q be a Galois extension with [L : Q] = 4. Then for any irrational number
v ∈ L, there exists a primitive element α in L such that
degα(v) = [L : Q(v)]
Proof. The case where Q(v) = L is trivial by Remark 1 in Section 1. It is enough to consider the
case where [L : Q(v)] = 2. Since G(L/Q) is isomorphic to Z/4Z or Z/2Z×Z/2Z, we prove Theorem
1 by dividing into two cases.
(Case 1) Gal(L/Q) ∼= Z/4Z:
Let L = Q(α) and f(x) = x2 + f1(v)x + f0(v) be the minimal polynomial of α over Q(v) for some
fi(x) ∈ Q[x]. Then we have
f(x) = x2 + f1(v)x+ f0(v)
= (x+ f1(v)/2)
2 + f0(v)− f1(v)2/4
3
If f0(v) − f1(v)2/4 ∈ Q, then α + f1(v)/2 has a minimal polynomial of degree 2 over Q. Since L
has a unique subfield Q(v) such that [Q(v) : Q] = 2, this implies that α + f1(v)/2 ∈ Q(v). This is
impossible because α is a primitive element of L. Thus,
f0(v) − f1(v)2/4 /∈ Q
Let f0(v)− f1(v)2/4 = a0 + a1v for ai ∈ Q. Then we have
v = − 1
a1
((α + f1(v)/2)
2 + a0)
and so degα(v) = 2.
(Case 2) Gal(L/Q) ∼= Z/2Z× Z/2Z:
Without loss of generality, we may assume L = Q(
√
a,
√
b) where a < b are square-free integers.
Note that L has 3 subfields of index 2: Q(
√
a),Q(
√
b),Q(
√
ab). Note that
degα(v) = degα(c1v + c0)
where c0, c1 ∈ Q and c1 6= 0. Hence we can assume v is one of
√
a,
√
b,
√
ab. If v =
√
a, we take
α =
√
b+
√
ab. Then we have
α2 = 2b
√
a+ (a+ b)
= 2b · v + (a+ b)
Therefore, we have
v =
1
2b
α2 +
a+ b
2b
and so degα(v) = 2. In other cases, we can prove the theorem in an analogous manner.
4. Minimum Degree in Index 4 Subfields of Triquadratic Number Fields
In this section, we show that the minimum degrees of elements in index 4 subfields of triquadratic
number fields are equal to the lower bounds of minimum degrees in Proposition 1.
Theorem 2. Let L = Q(
√
A,
√
B,
√
C) where A,B,C are distinct square-free non-zero integers.
Then there exists a primitive element α in L such that
degα(v) = [L : Q(v)]
for any v ∈ L with [L : Q(v)] = 4.
Proof. It suffices to show that mindegL(
√
A) = 4. Pick
α = a
√
B + b
√
C + c
√
AB + d
√
AC
for some a, b, c, d ∈ Q×. Then we have
α2 = X + Y
√
A+ Z
√
BC +W
√
ABC
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where
X = Ba2 + Cb2 +ABc2 +ACd2
Y = 2Bac+ 2Cbd
Z = 2ab+ 2Acd
W = 2bc+ 2ad
Observe that
α4 = (X2 +AY 2 +BCZ2 +ABCW 2) + (2XY + 2BCZW )
√
A+ (2XZ + 2AYW )
√
BC
+(2Y Z + 2XW )
√
ABC.
In order to have a Q-linear span of {1, α2, α4} to contain √A, we require that the ratio of coefficients
of
√
BC and
√
ABC in α2 and α4 are the same. In other words,
Z
W
=
2XZ + 2AYW
2Y Z + 2XW
(2)
By solving Eq.(2), we have
2Y (Z2 −AW 2) = 0
Since Z,W ∈ Q and A is square-free, we have Y = 0. Therefore, we can rewrite α2 and α4 as:
α2 = X + Z
√
BC +W
√
ABC
α4 = (X2 +BCZ2 +ABCW 2) + 2BCZW
√
A+ 2XZ
√
BC + 2XW
√
ABC
This implies that
α4 − 2Xα2 = (−X2 +BCZ2 +ABCW 2) + 2BCZW
√
A
As long as Z,W 6= 0, we have
√
A =
1
2BCZW
{α4 − 2Xα2 − (−X2 +BCZ2 +ABCW 2)}
Hence we can prove the Theorem if we find a, b, c, d ∈ Q× satisfying the following 3 conditions:
C1 : 2Bac+ 2Cbd = 0 (⇒ Y = 0)
C2 : 2ab+ 2Acd 6= 0 (⇒ Z 6= 0)
C3 : 2bc+ 2ad 6= 0 (⇒ W 6= 0)
There are infinitely many solutions which satisfy the above system of equations. In particular,
(a, b, c, d) = (1, B,−C, 1) satisfies the condition C1, C2, and C3. Condition C2 shows that B 6= AC,
which is true because L is a triquadratic extension. Condition C3, which suggests that 2−2BC 6= 0,
holds because B,C are distinct square-free integers. Thus, setting the primitive element α =√
B +B
√
C − C√AB +√AC, we obtain degα(
√
A) = 4.
Example 1. Let L = Q(
√
2,
√
3,
√
5). Table 1 shows a list of primitive elements α of L and
polynomials of deg 4 in α which represent
√
2,
√
3,
√
5,
√
6,
√
10,
√
15 and
√
30.
5
Elements α Polynomials of deg 4√
2
√
3 + 3
√
5− 5√6 +√10 111760
(
α4 − 416α2 + 16804)√
3
√
2 + 2
√
5− 5√6 +√15 19360
(
α4 − 374α2 + 18489)√
5
√
2 + 2
√
3− 3√10 +√15 13120
(
α4 − 238α2 + 7105)√
6
√
2− 10√3 + 2√5 +√30 120160
(
α4 − 704α2 + 73104)√
10
√
2 + 2
√
3− 6√5 +√30 16720
(
α4 − 448α2 + 25360)√
15
√
2 + 2
√
3 + 3
√
5− 3√30 110320
(
α4 − 658α2 + 54865)√
30
√
2 + 2
√
3 + 3
√
10− 6√15 121120
(
α4 − 1288α2 + 210880)
Table 1: Minimum degrees of some elements in Q(
√
2,
√
3,
√
5)
5. Minimum Degrees in Index 2 Subfields of Triquadratic Number Fields
5.1. Necessary and Sufficient Conditions for Minimum Degrees
In this section, we show that the minimum degrees of elements in triquadratic number fields
can be strictly greater than the degrees of the desired field extensions. In fact, we prove that the
minimum degrees of elements in index 2 subfields of triquadratic number fields are determined by
arithmetic properties of certain families of elliptic curves.
Theorem 3. Let L = Q(
√
A,
√
B,
√
C) where A,B,C are distinct square-free non-zero integers.
Then for any non-zero rational number a, mindegL(
√
A+ a
√
B) = 2 if and only if the rank of the
elliptic curve E : y2 = x(x − a2B)(x − (a2B − A)) is at least 1 or the torsion subgroup of E is
isomorphic to Z/2Z× Z/6Z.
We state the following lemma which classifies the torsion subgroups of the elliptic curve E :
y2 = x(x− a2B)(x− (a2B −A)).
Lemma 1. Let A,B be distinct square-free non-zero integers. Given any non-zero rational number
a, let E : y2 = x(x − a2B)(x− (a2B − A)) be an elliptic curve over Q. Then the torsion subgroup
ETor(Q) is isomorphic to Z/2Z × Z/2Z or Z/2Z × Z/6Z. In particular, ETor(Q) is isomorphic to
Z/2Z× Z/6Z if and only if there exist integers p, q satisfying
−a2B = p4 + 2p3q
−a2B +A = 2pq3 + q4
Proof. Choose a rational number a = m
n
such that (m,n) = 1. Then the elliptic curve E : y2 =
x(x − a2B)(x − (a2B − A)) is isomorphic to E′ : y2 = x(x −m2B)(x − (m2B − n2A)). Because
A,B are square-free integers, ±m2B and ±n2A are not squares. Then Lemma 1 follows from Main
Theorem 1 in [7].
We now prove Theorem 3.
Proof. Suppose α is a primitive element of L which satisfies degα(
√
A+ a
√
B) = 2. Thus
√
A+ a
√
B = a2α
2 + a1α+ a0 (3)
6
for some a0, a1 ∈ Q and non-zero a2 ∈ Q. Let f(x) = x2 + a1a2x +
a0−(
√
A+a
√
B)
a2
. Let σ1 be the
identity element in Gal(L/Q) and σ2 be an element of Gal(L/Q) satisfying
σ2(
√
A) =
√
A, σ2(
√
B) =
√
B, σ2(
√
C) = −
√
C.
Since σ1(α) and σ2(α) are roots of f(x), we have
σ1(α) + σ2(α) = −a1
a2
(4)
σ1(α)σ2(α) =
a0 − (
√
A+ a
√
B)
a2
(5)
Let α = b0 + b1
√
A+ b2
√
B+ b3
√
C + b4
√
AB + b5
√
AC + b6
√
BC + b7
√
ABC for some bi ∈ Q. By
Eq.(4), we have
2(b0 + b1
√
A+ b2
√
B + b4
√
AB) ∈ Q.
Hence, b1 = b2 = b4 = 0 and so
α = b0 + b3
√
C + b5
√
AC + b6
√
BC + b7
√
ABC.
This gives
σ1(α)σ2(α) = b
2
0 − (b3
√
C + b5
√
AC + b6
√
BC + b7
√
ABC)2
= −{(ABCb27 +BCb26 +ACb25 + Cb23 − b20) +
√
A(2BCb7b6 + 2Cb3b5)
+
√
B(2ACb7b5 + 2Cb3b6) +
√
AB(2Cb7b3 + 2Cb5b6)}
By Eq.(5), we have the following system of equations:


ABCb27 +BCb
2
6 +ACb
2
5 + Cb
2
3 − b20 = −a0a2
2BCb7b6 + 2Cb3b5 =
1
a2
2ACb7b5 + 2Cb3b6 =
a
a2
2Cb7b3 + 2Cb5b6 = 0
(6)
Note that if b5 = 0, then b3 = 0 or b7 = 0 by the 4th equation of Eq.(6). However, by the 2nd
and the 3rd equation of Eq.(6), it is impossible. Thus, b5 6= 0. Let x = b3/b5, y = b6/b5, z = b7/b5.
Then we obtain the following equations from Eq.(6):{
aByz + ax = Az + xy
xz + y = 0
(7)
Eliminating x-variables in Eq.(7), we have
aByz2 − ay = Az2 − y2 (8)
We note that the projectivization E : aByz2−ayw2 = Az2w−y2w defines an elliptic curve over
Q. Applying a rational change of coordinates

y = AX
z = Y
w = aBX − (a3B2 − aAB)Z
(9)
7
we obtain
E : Y 2Z = X3 − (2a2B −A)X2Z + a2B(a2B −A)XZ2 = X(X − a2BZ)(X − (a2B −A)Z)
or when Z = 1
E : Y 2 = X(X − a2B)(X − (a2B −A)) (10)
Lemma 1 shows that ETor(Q) = Z/2Z× Z/2Z or Z/2Z× Z/6Z. We note that
E[2](Q) =
{
[0 : 1 : 0], [0 : 0 : 1], [a2B : 0 : 1], [a2B −A : 0 : 1]}
The corresponding rational solutions in terms of [y : z : w] are:
E[2](Q) =
{
[0 : 1 : 0], [0 : 0 : −a3B2 + aAB], [a2AB : 0 : aAB], [A(a2B −A) : 0 : 0]}
Hence, rational solutions of Eq.(8) induced from 2-torsion points of E satisfy z = 0. This implies
that b7 = 0, so α is not a primitive element of Q(
√
A,
√
B,
√
C). We note that rational points of
E which are not 2-torsion points satisfy X,Y 6= 0. Hence, the existence of a primitive element α
implies that the elliptic curve E either contains a 3-torsion point or has rank at least 1.
To prove the converse of the theorem, it is enough to find (a0, a1, a2) ∈ Q3 and a primitive
element α of L satisfying Eq.(3). Suppose the desired elliptic curve E : Y 2 = X(X − a2B)(X −
(a2B−A)) has rank at least 1, or contains a 3-torsion point. Choose a non 2-torsion point [X : Y :
1] ∈ E(Q). Using the rational change of coordinates from Eq.(9), we get
y = AX
z = Y
w = aBX − (a3B2 − aAB)
Because X 6= a2B −A, we have w 6= 0. Then de-homogenizing the variables gives
y =
b6
b5
=
AX
aBX − (a3B2 − aAB)
z =
b7
b5
=
Y
aBX − (a3B2 − aAB)
Using the equation xz + y = 0 from Eq.(7), we can also obtain the value of b3
b5
because
x =
b3
b5
= −y
z
=
AX
Y
Note that b3
b5
is well defined because Y 6= 0. Since all of x, y, z are non-zero rational numbers, none
of b3, b5, b6, b7 are zero. This implies that α is a primitive element of L. Using the third equation
from Eq.(6), we have
2ACb7b5 + 2Cb3b6 = 2Cb5(Az + xy) = − a
a2
In other words, we need to verify that Az + xy 6= 0. Observe that
Az + xy = AY −A X
Y 2
= A
(
Y − X
Y 2
)
= A
Y 3 −X
Y 2
8
This shows that Az+ xy = 0 if and only if the point (X,Y ) ∈ E(Q) satisfies Y 3−X = 0 such that
Y 6= 0. Substituting X = Y 3 to E : Y 2 = X(X − a2B)(X − (a2B −A)), we obtain:
Y 2(Y (Y 3 − a2B)(Y 3 − (a2B −A)) − 1) = 0
Because we require that Y 6= 0, there are at most 7 non-zero rational points (X,Y ) which lie in E
and satisfy Y 3 = X. Because E(Q) has either infinite or 8 non-zero rational points, we can always
find a rational point on E such that Y 3 −X 6= 0. Hence we can obtain the value of a2 such that
a2 = − a
2ACb7b5 + 2Cb3b6
By choosing a random b0 ∈ Q and using the first equation from Eq.(6), we can obtain the value of
a0 such that
a0 = a2 · (ABCb27 +BCb26 +ACb25 +Cb23 − b20)
Using Eq.(4), we can also determines a1. Since these choices of (a0, a1, a2) and a primitive element
α satisfy Eq.(4) and Eq.(5), they also satisfy Eq.(3).
Theorem 3 relates the problem of computing minimum degrees of elements in L to the problem
of understanding arithmetic properties of families of elliptic curves. As an immediate corollary, we
show that computing the minimum degree of
√
A + a
√
B can be considered as a generalization of
the congruent number problem [10, 6].
Corollary 1. Let L = Q(
√
B,
√
2B,
√
C) for any distinct square-free non-zero integers B and C.
Then min degL(
√
B +
√
2B) = 2 if and only if B is a congruent number.
Proof. If there exist integers p and q which satisfy
B = p4 + 2p3q
−B = 2pq3 + q4
then we have
2B = p4 + 2p3q − 2pq3 − q4 = −(p− q)(p+ q)3 (11)
Because B is square-free, the left hand side of the above equation is divisible by 2 but not divisible
by 8. However, the right hand side of the equation is either odd (when p is odd and q is even, and
vice versa) or divisible by 16 (when both p, q are odd or even). Hence it is impossible. By Lemma
1, ETor(Q) is isomorphic to Z/2Z× Z/2Z.
Theorem 3 implies that mindegL(
√
B +
√
2B) = 2 if and only if the rank of the elliptic curve
E : y2 = x(x−B)(x+B) = x3 −B2x is at least 1. This is equivalent to the statement that B is a
congruent number [10, 6].
Example 2. Let L be the triquadratic number field Q(
√
2,
√
3,
√
5). Then we have
degα(
√
2 +
√
3) > 2
for every primitive element α in L because the rank of the elliptic curve E : y2 = x3 − 4x2 + 3x is
equal to 0, and the torsion subgroup of E is isomorphic to Z/2Z× Z/2Z. On the other hand, there
exists a primitive element α such that
degα(
√
2 + 2
√
3) = 2.
9
(X,Y ) = (8, 8) is a non-torsion Q-rational point of E : y2 = x3 − 22x2 + 120x. Associated to the
rational point is the primitive element α = 1− 2√5 +√10 − 43
√
15 − 23
√
30 and we have
3
20
α2 − 3
10
α− 207
20
=
√
2 + 2
√
3.
Example 3. Let L be the triquadratic number field Q(
√
5,
√
7,
√
11). Then there exists a primitive
element α such that
degα(
√
11 + 5
√
35) = 2.
(X,Y ) = (900, 900) is a 3-torsion Q-rational point of E : y2 = x(x− 52× 35)(x− (52× 35− 11)) =
x(x − 875)(x − 864). We note that the rank of the elliptic curve E is 0. Associated to the torsion
point is the primitive element α = 1− 11√5 +√55 + 557
√
7 + 57
√
77 and we have
− 7
220
α2 +
7
110
α+
7913
220
=
√
11 + 5
√
35.
Remark 2. Theorem 3 shows that even if the elliptic curve E : y2 = x(x − a2B)(x − (a2B − A))
has rank 0, as long as ETor(Q) = Z/2Z×Z/6Z it is possible to find a primitive element α such that
degα(
√
A + a
√
B) = 2 for any non-zero a ∈ Q. Lemma 1 shows that ETor(Q) = Z/2Z × Z/6Z if
and only if there exist integers p, q satisfying
−a2B = p4 + 2p3q
−a2B +A = 2pq3 + q4
Rearranging the above equation gives
−A = (p+ q)3(p− q)
Because A is square-free, we require that p+ q = ±1. Hence, we have{
a2B = −p3(±2− p)
A = 1± 2p (12)
If p is a square-free integer such that −p(±2− p) and 1± 2p are both square-free, then there exists
a primitive element α ∈ Q(√A,√B,√C) such that degα(
√
A + a
√
B) = 2. For example, choosing
p = 5 and a = 5 deduces the previous example.
5.2. Minimum Degree in Families of Triquadratic Number Fields
It is a natural question to calculate the probability that the minimum degree of a given element
in M ⊂ L = Q(√A,√B,√C) is equal to [L :M ]. We show that the desired probability depends on
the choice of a family of tuples of form (L,M, v), where L = Q(
√
A,
√
B,
√
C), M = Q(
√
A,
√
B),
and v =
√
A + a
√
B for some distinct non-zero square-free integers A,B,C and some rational
number a.
Theorem 4. Let L = Q(
√
A,
√
B,
√
C) for any fixed distinct square-free non-zero integers A,B,
and C. Let S be the set of primes including 2, ∞, and all finite places at which the elliptic curve
E : y2 = x(x− a2B)(x− (a2B −A)) has bad reduction. Fix an integer
D = 8
∏
p∈S
p finite
p.
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Let Mn be the following family of number fields.
Mn := {Lγ = Q(
√
γA,
√
γB,
√
C) | γ ≤ n, γ ∈ N, (γ,D) = 1, γ square-free}
Given any fixed non-zero a ∈ Q, we define the probability that Lγ has an element in a degree 4
subfield Mγ := Q(
√
γA,
√
γB) with minimum degree greater than [Lγ : Mγ ] as follows.
P(Lγ ∈Mn : min degLγ (
√
γA+ a
√
γB) > 2) :=
#{Lγ ∈Mn | min degLγ (
√
γA+ a
√
γB) > 2}
|Mn|
Then the lower bound of the probability converges to the following value as n→∞.
lim
n→∞P(Lγ ∈Mn : min degLγ (
√
γA+ a
√
γB) > 2) ≥ 1∏∞
j=0(1 + 2
−j)
Proof. We first note that quadratic twists of E by γ is
Eγ : Y
2 = X(X − a2Bγ)(X − (a2B −A)γ) (13)
Theorem 3 shows that the above elliptic curve is induced from finding a primitive element α ∈ Lγ =
Q(
√
γA,
√
γB,
√
C) such that degα(
√
γA+ a
√
γB) = 2. Let Mn be the family of quadratic twists
of elliptic curves E such that
Mn := {Eγ : Y 2 = X(X−a2Bγ)(X−(a2B−A)γ) | γ ≤ n, γ ∈ N, (γ,D) = 1, γ square-free}. (14)
By Theorem 4.2 in [8, Chap. X.4], we can consider the following short exact sequence
0→ Eγ(Q)/2Eγ(Q)→ Sel2(Eγ)→XEγ [2]→ 0
where Sel2(Eγ) is the 2-Selmer group and XEγ is the Tate-Shafarevich group. Lemma 1 implies
that E[2](Q) = Z/2Z× Z/2Z. Hence, we have
dimF2Eγ(Q)/2Eγ(Q) = rank(Eγ) + 2 ≤ dimF2Sel2(Eγ). (15)
In particular, if dimF2Sel2(Eγ) = 2, then rank(Eγ) = 0. Hence, we have the following relation.
{Eγ ∈Mn | dimF2(Sel2(Eγ)) = 2, Eγ [3](Q) = ∅} =⇒ {Lγ ∈Mn | min degα(
√
γA+ a
√
γB) > 2}
By Swinnerton-Dyer [9] and Kane [5], we have
lim
n→∞
#{γ ≤ n | γ square-free, (γ,D) = 1, dimF2(Sel2(Eγ)) = 2}
#{γ ≤ n | γ square-free, (γ,D) = 1 } =
1∏∞
j=0(1 + 2
−j)
Hence, for any fixed non-zero rational number a, we have
lim
n→∞P(Lγ ∈Mn : min degLγ (
√
γA+ a
√
γB) > 2)
≥ lim
n→∞
#{γ ≤ n | γ square-free, (γ,D) = 1, dimF2(Sel2(Eγ)) = 2, Eγ [3](Q) = ∅}
#{γ ≤ n | γ square-free, (γ,D) = 1}
≥ 1∏∞
j=0(1 + 2
−j)
− lim
n→∞
#{γ ≤ n | γ square-free, (γ,D) = 1, Eγ [3](Q) 6= ∅}
#{γ ≤ n | γ square-free, (γ,D) = 1}
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We now show that given a fixed elliptic curve E, there only exist finitely many square-free γ such
that Eγ [3](Q) 6= ∅. Suppose a = mn for some coprime integers m and n. Then Eγ is isomorphic to
the elliptic curve
Eγ : Y
2 = X(X −m2Bγ)(X − (m2B − n2A)γ) (16)
Lemma 1 shows that Eγ [3](Q) 6= ∅ if and only if there exist integers (p, q) such that{
−γm2B = p3(p + 2q)
−γ(m2B − n2A) = q3(2p + q) (17)
Rearranging the equation, we obtain
m2B
n2A
=
p3(p+ 2q)
(p+ q)3(p− q) (18)
Hence we obtain
m2B(p+ q)3(p− q)− n2Ap3(p+ 2q) = 0 (19)
Recall that because A,B, a are fixed, the above equation is a degree 4 homogeneous polynomial in
terms of p and q. Because p 6= 0, we can divide the equation by 1
p4
to obtain
m2B
(
1 +
q
p
)3(
1− q
p
)
− n2A
(
1 +
2q
p
)
= 0 (20)
The above equation implies that there are at most 4 pairs [p : q] ∈ P1(Q) satisfying Eq.(20).
Suppose (p, q) is a pair of coprime integers which satisfies Eq.(20) and Eq.(17). Then observe that
a non-zero integer multiple of the pair (p, q) other than itself, which still satisfies Eq.(20), does not
satisfy Eq.(17) because γ is square-free. Hence, there are at most 4 square-free values of γ such that
Eγ [3](Q) 6= ∅. Using this observation, we obtain:
lim
n→∞
#{γ ≤ n | γ square-free, (γ,D) = 1, Eγ [3](Q) 6= ∅}
#{γ ≤ n | γ square-free, (γ,D) = 1} = 0 (21)
We can conclude that
lim
n→∞P(Lγ ∈Mn : min degLγ (
√
γA+ a
√
γB) > 2) ≥ 1∏∞
j=0(1 + 2
−j)
(22)
The above theorem shows that there exist infinitely many triquadratic number fields L such that
the minimum degrees of elements in degree 4 subfields M of L are strictly greater than [L : M ] = 2.
Theorem 5. Let L = Q(
√
A,
√
B,
√
C) be a triquadratic number field for any fixed distinct square-
free non-zero integers A,B, and C. Suppose there exists a pair of non-zero rational numbers (a, b)
such that
a2 − 1 = (B −A)b2 (23)
Let Ma be the family of number fields such that
Ma := {LB = Q(
√
A,
√
B,
√
C) | B 6= a}
Then for every number field in Ma, we have
min degLB (
√
A+ a
√
B) = 2.
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Proof. The condition that B 6= a guarantees that the elliptic curve E is not singular. By Theorem
1, it suffices to show that any elliptic curve of form E : y2 = x(x− a2B)(x− (a2B −A)) has a non
2-torsion rational point P . Note that the condition a2 − 1 = (B −A)b2 implies that
a2B −A = (a2 − 1)B + (B −A) = (B −A)(Bb2 + 1)
By complete 2-descent [8, Proposition 1.4, Chap. X.1], we have
P =
{
(a
2
b2
(Bb2 + 1), a
2
b3
(Bb2 + 1)) if Bb2 + 1 is not a square
((B −A)a2,−A(B −A)a2b) if Bb2 + 1 is a square
Corollary 2. Given a distinct square-free non-zero integers A,B such that B−A is a square, there
exist infinitely many numbers a ∈ Q such that mindegLB (
√
A+ a
√
B) = 2 for LB ∈Ma.
Proof. Let B − A = c2. Then (a, b) = (m2+n2
m2−n2 ,
2mn
c·(m2−n2)) satisfies Eq.(23) for an arbitrary pair of
integers m and n with m > n > 0. Then Corollary follows from Theorem 5.
Example 4. Consider the family of triquadratic number fields {LB = Q(
√
B,
√
B − 2,√C)} for
any fixed square-free integer B ≥ 3, B − 2, and C. Then the element (a, b) = (3, 2) satisfies the
equation a2 − 1 = 2b2. Hence we have
min degLB (
√
B − 2 + 3
√
B) = 2
Indeed, computations on Magma [1] suggest that the rank of the associated elliptic curve y2 =
x(x − 9B)(x− (8B + 2)) is always at least 1. If 4B + 1 is not a square, then (9(4B+1)4 , 9(4B+1)8 ) is
a non-torsion rational point of E. If 4B + 1 is a square, then (18,−18(B − 2)) is a non-torsion
rational point of E.
We finish the paper with the following conjecture, which states that every triquadratic number
fields has an element such that min degL(v) 6= [L : Q(v)].
Conjecture 1. Let L = Q(
√
A,
√
B,
√
C) for any distinct square-free non-zero integers A,B, and
C. Let M be the subfield Q(
√
A,
√
B). Then there exists a rational number a such that
mindegL(
√
A+ a
√
B) > [L :M ]
Remark 3. Theorem 3 implies that it suffices to show that given any fixed square-free distinct
non-zero integers A and B, there exists a rational number a such that the rank of the elliptic curve
E : y2 = x(x− a2B)(x− (a2B −A)) is equal to 0 and the torsion subgroup ETor(Q) is isomorphic
to Z/2Z×Z/2Z. Computations on Magma [1] suggests that the statement of Conjecture 1 holds for
any pair of square-free positive integers (A,B) such that max{A,B} < 100.
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